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A HILBERT SPACE APPROACH TO APPROXIMATE
DIAGONALS FOR LOCALLY COMPACT QUANTUM GROUPS
BENJAMIN WILLSON1∗
Abstract. For a locally compact quantum group G, the quantum group al-
gebra L1(G) is operator amenable if and only if it has an operator bounded
approximate diagonal. It is known that if L1(G) is operator biflat and has a
bounded approximate identity then it is operator amenable. In this paper, we
consider nets in L2(G) which suffice to show these two conditions and combine
them to make an approximate diagonal of the form ωW ′∗ξ⊗η where W is the
multiplicative unitary and ξ⊗η are simple tensors in L2(G)⊗L2(G). Indeed, if
L1(G) and L1(Gˆ) both have a bounded approximate identity and either of the
corresponding nets in L2(G) satisfies a condition generalizing quasicentrality
then this construction generates an operator bounded approximate diagonal.
In the classical group case, this provides a new method for constructing approx-
imate diagonals emphasizing the relation between the operator amenability of
the group algebra L1(G) and the Fourier algebra A(G).
1. Introduction
A locally compact group G is amenable if and only if the group algebra L1(G) is
an amenable Banach algebra. Johnson[7] showed this (and defined amenability
for Banach algebras) by using a bounded approximate identity and a net of func-
tions tending to left invariance (or tending to invariance under multiplication by
positive norm 1 elements of L1(G)). Ruan [11] proved that the Fourier algebra
of G is operator amenable (has an operator approximate diagonal) if and only if
G is amenable. Again, this can be shown by combining a bounded approximate
identity for A(G) and a net of (quasi-central) functions tending to invariance
under multiplication in A(G).
In [8], Kustermans and Vaes formalize the notion of a locally compact quantum
group as a von Neumann algebra with a co-multiplication and left and right Haar
weights. The predual of this von Neumann algebra is a Banach algebra which
is analogous to both L1(G) and A(G) in the group setting. Indeed, there is a
‘quantum’ version of the Pontryagin duality theorem which extends the duality
between L1(G) and A(G). There are various notions of amenability which gener-
alize to the quantum group setting. It is natural to ask whether classical results
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about the equivalence of these extends to quantum groups. In particular, how are
the amenability of a locally compact quantum group G and its dual Gˆ related?
In section 2, we provide some background including the definitions of strong
amenability and co-amenability. These naturally dual conditions are character-
ized by the existence of certain nets in the underlying Hilbert space. These nets
are related to a left invariant net and a bounded approximate identity (resp.) in
L1(G). On the dual side, they are related to a b.a.i. and left invariant net in
L1(Gˆ).
In [12], Ruan and Xu show that for a Kac algebra, the predual of the von
Neumann algebra is operator amenable if it admits a bounded approximate iden-
tity and there is a net in the underlying Hilbert space tending to translation
invariance and quasicentrality. In section 3 of this paper, we extend their result
to preduals of von Neumann algberas on locally compact quantum groups. The
current approach also constructs an operator approximate diagonal directly from
the nets in L2(G) rather than using machinery in the second dual of L1(G). The
main result is that if G is strongly amenable and co-amenable and either of the
nets satisfies a quasicentral condition then L1(G) is operator amenable.
In section 4, the analogous construction of an operator bounded approximate
diagonal for L1(Gˆ) is described. The quasicentral conditions of the two nets
are not dual to each other. We show a result related to a dual version of this
quasicentrality.
Other constructions of quasi-central approximate diagonals have been consid-
ered by Stokke in [14]. Nets tending to left invariance have been studied for
semidirect products in [15].The nets used throughout this paper are also related to
operator biflatness of L1(G). It was conjectured by Aristov, Runde, and Spronk[1]
that for a locally compact group, A(G) is always operator biflat. This remains
an open question.
2. Background
We rely upon the paper of Kustermans and Vaes [8] to provide further details
on locally compact quantum groups and will herein provide only a brief introduc-
tion. We will use the notation from [8] with one significant adjustment. We will
emphasize the connection to the classical results by referring to a locally compact
quantum group as G = (M,Γ, φ, ψ) and using L∞(G) = M , L1(G) = M∗, and
L2(G) = Hφ. However, one should not infer from this notation that there is some
set ‘G’ on which we define spaces of functions.
Definition 2.1. A locally compact quantum group G = (M,Γ, φ, ψ) consists of
a von Neumann algebra M (or L∞(G)), a comultiplication Γ, and left (φ) and
right (ψ) Haar weights.
The unique (as a Banach space) predual of L∞(G) has a multiplication given
by the pre-adjoint of Γ. This makes the Banach algebra L1(G) which will be
referred to as the quantum group algebra of G.
The left Haar weight φ is used, via the GNS construction, to create the Hilbert
space L2(G). Using this Hilbert space, we consider L∞(G) →֒ B(L2(G)). Fur-
thermore, every ζ ∈ L2(G) can generate a ωζ ∈ L
1(G) via: X(ωζ) = 〈Xζ, ζ〉
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We will also consider several tensor products of the above spaces: L2(G) ⊗2
L2(G) is the Hilbert space tensor product, L∞(G)⊗VNL
∞(G) is the von Neumann
tensor product (in B(L2(G)⊗2 L
2(G))), and L1(G)⊗ˆL1(G) is the operator space
projective tensor product (see [6] for details) which is the predual of L∞(G)⊗VN
L∞(G).
There exists a unitary W in B(L2(G) ⊗ L2(G)) (in fact, W is in L∞(G) ⊗V N
L∞(Gˆ))such that Γ(x) = W ∗(1 ⊗ x)W for x ∈ L∞(G). We call W the left
multiplicative unitary. Similarly there is a right multiplicative unitary V and
using V and L2(G), we can reconstruct L∞(G) as the σ-strong closure of {(ω ⊗
ι)(V )|ω ∈ B(L2(G))∗}. The dual LCQG, Gˆ is the σ-strong closure of {(ω ⊗
ι)(W )|ω ∈ B(L2(G))∗} ( Here, {(ω ⊗ ι)W denotes the slice map of W with ω in
the first component).
The left Haar weight gives rise to a modular conjugation J for L2(G) and
there is a unique left invariant weight for Gˆ that has a corresponding modular
conjugation Jˆ .
Along withW and V , we can find similar unitaries in B(L2(G)⊗2L
2(G)) which
correspond to related LCQGs. In particular, there are Wˆ (the left multiplicative
unitary for the dual LCQG), W op (for the opposite LCQG – G with opposite co-
multiplication), and W ′ (for the commutant LCQG – with von Neumann algebra
L∞(G)′).
Proposition 2.2. Among these operators, the following relations are satisfied:
W ∗ = (Jˆ ⊗ J)W (Jˆ ⊗ J)
JˆJ = ν
i
4JJˆ
Wˆ = ΣW ∗Σ
V = (Jˆ ⊗ Jˆ)ΣW ∗Σ(Jˆ ⊗ Jˆ)
Vˆ = (J ⊗ J)W (J ⊗ J)
W op = ΣV ∗Σ = (Jˆ ⊗ Jˆ)W (Jˆ ⊗ Jˆ)
W ′ = Vˆ = (J ⊗ J)W (J ⊗ J)
W12W13W23 = W23W12
Wˆ ′ = Ŵ op
where ν is some positive number (the scaling constant of the quantum group), Σ
denotes the flip map for tensors, and the subscripts on W are the leg notation
(eg. W12 =W ⊗ 1 ∈ B(L
2(G)⊗ L2(G)⊗ L2(G)).
Proof. See [8] 2.2, 2.12, 2.15, and 4.1. 
Definition 2.3. A locally compact quantum group is co-amenable if L∞(G)∗
(with respect to the two Arens products) is unital. Co-amenability is equivalent
to the existence of bounded approximate identity for L1(G). Be´dos and Tuset[2]
showed that G is co-amenable if and only if there is a net of norm one vectors
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(ηβ)β in L
2(G) such that for each ζ ∈ L2(G):
lim
β
‖W (ηβ ⊗ ζ)− (ηβ ⊗ ζ)‖2 = 0. (CA)
Runde[13] remarked that such a net also satisfies the equivalent condition for
the opposite LCQG Gop:
lim
β
‖W op(ηβ ⊗ ζ)− (ηβ ⊗ ζ)‖2 = 0
hence such a net generates a 2-sided bounded approximate identity for L1(G).
Definition 2.4. A locally compact quantum group is strongly amenable if Gˆ is
co-amenable. Equivalently, G is strongly amenable if there is a net of norm one
vectors (ξα)α in L
2(G) such that for each ζ ∈ L2(G):
lim
α
‖W (ζ ⊗ ξα)− (ζ ⊗ ξα)‖2 = 0. (SA)
Remark 2.5. There is another definition of amenability for locally compact quan-
tum groups that depends on the existence of a translation invariant mean in the
dual of L∞(G). If G is strongly amenable, then it is amenable, but the converse
is an open question. (In the group case, amenability and strong amenability are
equivalent - this is related to the equivalence of Reiter’s P1 and P2 conditions).
See [2, 4, 5] for investigations into this question.
Remark 2.6. Johnson’s main result of [7] was to show that a group is amenable
precisely when the group algebra has a certain homological property which he
also termed amenability (for Banach algebras). It is possible to characterize
this in terms of the existence of an approximate diagonal in the tensor product
L1(G)⊗ˆL1(G). Ruan[11] extended Johnson’s notion of amenability to completely
contractive Banach algebras. In particular, he showed that G is amenable if
and only if there is an operator bounded approximate diagonal for A(G). For
LCQGs the appropriate operator space structure on L1(G) is that resulting from
considering the predual of the von Neumann algebra operator space structure of
L∞(G). This leads to the following characterization:
Definition 2.7. The quantum group algebra L1(G) is operator amenable if it
admits an operator bounded approximate diagonal. That is, if there is a net
(xγ)γ in L
1(G)⊗ˆL1(G) such that for any a ∈ L1(G):
‖a · xγ − xγ · a‖L1(G)⊗ˆL1(G) → 0, and; (OBAD1)
‖Γ∗(xγ)a− a‖L1(G) → 0. (OBAD2)
Here · denotes the natural bimodule action of L1(G) on L1(G)⊗ˆL1(G) which is
multiplication on the left in the first co-ordinate and multiplication on the right
in the second.
3. Operator approximate diagonals from nets in L2(G)
This section uses the machinery of quantum groups to discuss operator bounded
approximate diagonals for L1(G). We construct these diagonals by taking the
simple tensors of elements of nets in L2(G) satisfying (SA) and (CA) and then
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apply the multiplicative unitary of the commutant quantum group to the simple
tensors. This results in a net in L2(G)⊗2 L
2(G). The vector states associated to
this net generate a net in L1(G)⊗ˆL1(G).
We begin this section by showing that the constructed net satisfies (OBAD1)
for any locally compact quantum group. For a group G (OBAD2) is automat-
ically satisfied so the above mentioned construction provides a novel method of
describing a bounded approximate diagonal for L1(G). This approach relies only
on the LCQG structure, but does seem to require the equivalence of the multi-
plicative operators W and W ′. This requirement can be weakened. The opera-
tors only need to be approximately equivalent when applied to the relevant nets.
Continuing this approach, we show that if there are nets in L2(G) (one which
generates a bounded approximate identity, and the other which demonstrates
strong amenability) and W ∗W ′ applied to either of these nets approximates the
identity then we can construct an operator bounded approximate diagonal.
The following lemmas will be useful in the sequal. They are straightforward
manipulations of the pentagonal rule and some of the other properties listed in
proposition (2.2).
Lemma 3.1. For any locally compact quantum group, the following equations
involving multiplicative unitaries hold:
W12W
′∗
23 = W
′∗
23W13W12;
W23W
′∗
12 = W
′∗
12W
′∗
13W23;
and
W ∗13W
∗
23 = (Jˆ ⊗ Jˆ ⊗ J)W13W23(Jˆ ⊗ Jˆ ⊗ J).
Proof. Rewrite W ′ and W ∗ in terms of W and the modular conjugations and
apply the pentagonal rule.
W12W
′∗
23 = W12(1⊗ J ⊗ J)W
∗
23(1⊗ J ⊗ J)
= W12(Jˆ ⊗ J ⊗ J)(Jˆ ⊗ 1⊗ 1)W
∗
23(1⊗ J ⊗ J)
= (Jˆ ⊗ J ⊗ J)W ∗12W
∗
23(Jˆ ⊗ 1⊗ 1)(1⊗ J ⊗ J)
= (Jˆ ⊗ J ⊗ J)W ∗23W
∗
13W
∗
12(Jˆ ⊗ J ⊗ J)
= W ′∗23W13W12.
For the second result:
W23W
′∗
12 = W23(J ⊗ J ⊗ 1)W
∗
12(J ⊗ J ⊗ 1)
= W23(JJˆ ⊗ 1⊗ 1)(Jˆ ⊗ J ⊗ 1)W
∗
12(J ⊗ J ⊗ 1)
= (JJˆ ⊗ 1⊗ 1)W23W12(Jˆ ⊗ J ⊗ 1)(J ⊗ J ⊗ 1)
= (JJˆ ⊗ 1⊗ 1)W12W13W23(JˆJ ⊗ 1⊗ 1)
= W ′∗12W
′∗
13W23.
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For the third result it is not necessary to apply the pentagonal rule, but only
to notice that parts of simple tensors commute readily with leg tensors provided
those parts are on different ‘legs’.
W ∗13W
∗
23 = (Jˆ ⊗ 1⊗ J)W13(Jˆ ⊗ 1⊗ J)(1⊗ Jˆ ⊗ J)W23(1⊗ Jˆ ⊗ J)
= (Jˆ ⊗ 1⊗ J)W13(Jˆ ⊗ Jˆ ⊗ 1)W23(1⊗ Jˆ ⊗ J)
= (Jˆ ⊗ Jˆ ⊗ J)W13W23(Jˆ ⊗ Jˆ ⊗ J)

The following lemma is an adaptation of [12, 3.14].
Lemma 3.2. Given a unit vector ξ ∈ L2(G), the map θξ : L
∞(G)⊗V NL
∞(G)→
B(L2(G)) given by
θξ(Λ) = (ωξ ⊗ i)(W
′ΛW ′∗)
(for Λ ∈ L∞(G)) is weak* continuous, unital, and completely positive . Further-
more, θξ maps L
∞(G)⊗¯L∞(G) into L∞(G).
Proof. Since W ′ ∈ L∞(G)′⊗V N L
∞(Gˆ), the first leg of Λ commutes with W ′. For
simple tensors X ⊗ Y ∈ L∞(G)⊗ L∞(G),
θξ(X ⊗ Y ) = (ωJJˆξ ⊗ i)((X ⊗ 1)Γ(Y ))
For complete details, see [12, page 205]. 
We now show that it is possible to combine nets in L2(G) with properties (CA)
and (SA) to create a net in L1(G)⊗ˆL1(G) which satisfies the first condition of an
approximate diagonal. The second condition is immediately satisfied if W =W ′,
but if this is not the case, then some additional assumption must be made.
Theorem 3.3. Let G be a locally compact quantum group. Let ε > 0. Let
ζ ∈ L2(G) with ‖ζ‖ = 1. Suppose that ξ, η ∈ L2(G)1 such that
‖W (ζ ⊗ ξ)− (ζ ⊗ ξ)‖2 < ε;
and
‖ωζ ∗ ωη − ωη ∗ ωζ‖1 < ε.
Then for Λ ∈ L∞(G)⊗V N L
∞(G)∣∣(ωζ · ωW ′∗(ξ⊗η) − ωW ′∗(ξ⊗η) · ωζ) (Λ)∣∣ < 3ε ‖Λ‖
Proof. Consider ∣∣(ωζ · ωW ′∗(ξ⊗η) − ωW ′∗(ξ⊗η) · ωζ) (Λ)∣∣ .
We begin by rewriting in terms of the inner product in L2(G).
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∣∣(ωζ · ωW ′∗(ξ⊗η) − ωW ′∗(ξ⊗η) · ωζ) (Λ)∣∣
=
∣∣(ωζ ⊗ ωW ′∗(ξ⊗η)) ((Γ⊗ i) (Λ))
−
(
ωW ′∗(ξ⊗η) ⊗ ωζ
)
((i⊗ Γ)(Λ))
∣∣
=
∣∣(ωζ ⊗ ωW ′∗(ξ⊗η)) (W ∗12Λ23W12)
−
(
ωW ′∗(ξ⊗η) ⊗ ωζ
)
(W ∗23Λ13W23)
∣∣
=
∣∣〈(Λ23)W12W ′∗23(ζ ⊗ ξ ⊗ η),W12W ′∗23(ζ ⊗ ξ ⊗ η)〉
−
〈
(Λ13)W23W
′∗
12(ξ ⊗ η ⊗ ζ),W23W
′∗
12(ξ ⊗ η ⊗ ζ)
〉∣∣
By using the pentagonal rule results of Lemma (3.1) this becomes:
. . . = |〈(Λ23)W
′∗
23W13W12(ζ ⊗ ξ ⊗ η),W
′∗
23W13W12(ζ ⊗ ξ ⊗ η)〉
− 〈(Λ13)W
′∗
12W
′∗
13W23(ξ ⊗ η ⊗ ζ),W
′∗
12W
′∗
13W23(ξ ⊗ η ⊗ ζ)〉|
We now have a W (ζ ⊗ ξ) in the first term which is, by assumption, within ε of
(ζ ⊗ ξ). We subtract and add an appropriate term (notice the change in order of
the tensors) and apply the triangle inequality to get:
. . . ≤ |〈(Λ23)W
′∗
23W13W12(ζ ⊗ ξ ⊗ η),W
′∗
23W13W12(ζ ⊗ ξ ⊗ η)〉
− 〈(Λ23)W
′∗
23W13(ζ ⊗ ξ ⊗ η),W
′∗
23W13(ζ ⊗ ξ ⊗ η)〉|
+ |〈(Λ13)W
′∗
13W23(ξ ⊗ ζ ⊗ η),W
′∗
13W23(ξ ⊗ ζ ⊗ η)〉
− 〈(Λ13)W
′∗
12W
′∗
13W23(ξ ⊗ η ⊗ ζ),W
′∗
12W
′∗
13W23(ξ ⊗ η ⊗ ζ)〉|
By the first assumption, the first difference in absolute values is less than 2ε‖Λ‖.
The final term involves a Λ13 and a W
′∗
12. These commute because their first legs
are (respectively) in L∞(G) and its commutant. So W ′12Λ13W
′∗
12 = Λ13 and we
have:
∣∣(ωζ · ωW ′∗(ξ⊗η) − ωW ′∗(ξ⊗η) · ωζ) (Λ)∣∣
< 2ε ‖Λ‖
+ |〈(Λ13)W
′∗
13W23(ξ ⊗ ζ ⊗ η),W
′∗
13W23(ξ ⊗ ζ ⊗ η)〉
− 〈(Λ13)W
′∗
13W23(ξ ⊗ η ⊗ ζ),W
′∗
13W23(ξ ⊗ η ⊗ ζ)〉|
= 2ε ‖Λ‖+ |〈(1⊗ θξ(Λ))W (ζ ⊗ η),W (ζ ⊗ η)〉
− 〈(1⊗ θξ(Λ))W (η ⊗ ζ),W (η ⊗ ζ)〉|
= 2ε ‖Λ‖+ |〈(Γ(θξ(Λ)))(ζ ⊗ η), (ζ ⊗ η)〉
− 〈(Γ(θξ(Λ)))(η ⊗ ζ), (η ⊗ ζ)〉|
= 2ε ‖Λ‖+ |(θξ(Λ)) ((ωη ∗ ωζ))
− (θξ(Λ)) (ωζ ∗ ωη))|
< 2ε ‖Λ‖+ ε
∥∥∥(θJˆJξ(Λ)
)∥∥∥
= 3ε‖Λ‖
8 B. WILLSON

Corollary 3.4. Let G be a strongly amenable and co-amenable locally compact
quantum group. Suppose that (ξα)α, (ηβ)β are (SA) and (CA) nets in L
2(G)1
(respectively). Suppose also that either, for ζ ∈ L2(G) :
‖W ∗(ξα ⊗ ζ)−W
′∗(ξα ⊗ ζ)‖ →α 0; (3.1)
or
‖W ∗(ζ ⊗ ηβ)−W
′∗(ζ ⊗ ηβ)‖ →β 0. (3.2)
Then ωW ′∗(ξα⊗ηβ) has a subnet which is an operator bounded approximate diagonal
for L1(G)⊗ˆL1(G) hence L1(G) is operator amenable.
Proof. Runde [13] showed that ωηβ is a two sided bounded approximate identity
for L1(G).
For fixed ε > 0, and ζ ∈ L2(G)1 there exist (by theorem (3.3)) α0 and β0 such
that ∣∣(ωζ · ωW ′∗(ξα⊗ηβ) − ωW ′∗(ξα⊗ηβ) · ωζ)∣∣ < ε
for any α  α0 and β  β0.
Now, if (3.1) is true, there is an α1  α0 such that for any α  α1
‖W ′
∗
ξα ⊗ ηβ0 −W
∗ξα ⊗ ηβ0‖ < ε.
Since ε and ζ are arbitrary, by choosing α after β there is a subnet of (ωW ′∗ξα⊗ηβ)
that is an operator bounded approximate diagonal for L1(G).
If, instead, condition (3.2) is true, then an operator bounded approximate
diagonal can be found by choosing β after α. 
Remark 3.5. If (ξα)α is a (SA) net that also satisfies condition (3.1) then it
generates a bounded approximate identity for L1(Gˆ), ωˆξα. This b.a.i. also satisfies
‖ωˆWˆ op∗Wˆ ζ⊗ξα − ωˆζ⊗ξα‖ → 0
for any state in L1(Gˆ), ωˆζ . This property is related to the notion of quasicentral
bounded approximate identities for locally compact groups as studied in [9], [14]
and others.
4. Dual Version: Operator Amenability of L1(Gˆ)
For a locally compact groupG, it is well known (eg [6, 10]) that G is amenable if
and only if L1(G) is (operator) amenable if and only if L1(Gˆ) = A(G) is operator
amenable. It has been conjectured that L1(G) is operator amenable if and only
if L1(Gˆ) is as well. The conditions (CA) and (SA) are naturally dual to each
other, which provides some additional justification for this conjecture. However,
recently Caspers, Lee, and Ricard [3] have shown that these two conditions are not
sufficient for operator amenability of L1(G). In this section, we convert the main
result of section 3 to its natural dual. The dual versions of condition (3.1) and
(3.2) interchange the multiplicative unitary for the commutant quantum group
(Wˆ ′) with that of the quantum group with opposite co-multiplication (Ŵ op). To
create a more useful dual version, one would hope that if W ′ is approximately
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W acting on some net in the fashion of (3.1) or (3.2) then W op is approximately
W acting on some other net as (4.3) or (4.4). In his proof of the equivalence of
amenability of L1(G) and operator amenability of A(G), Ruan [11] was able to
use the fact that, in the group case, W = W ′ to construct a net that worked
appropriately with W and W op. Such a nice result does not seem achievable in
the general LCQG case, but we are able to make some progress in this direction.
We use an approach motivated in part by a result of Losert and Rindler [9]
whereby they construct, for an amenable group, an asymptotically central ap-
proximate identity. We are able to combine the two nets of elements of L2(G)
(SA net and CA net) to create a bounded approximate identity which also has
an approximately central property as well.
Corollary 4.1. Suppose that (ξα)α, (ηβ)β are nets in L
2(G)1 such that for every
ζ ∈ L2(G) :
‖W (ζ ⊗ ξα)− (ζ ⊗ ξα)‖ → 0; (4.1)
‖W (ηβ ⊗ ζ)− (ηβ ⊗ ζ)‖ → 0; (4.2)
‖W (ζ ⊗ ηβ)−W
op(ζ ⊗ ηβ)‖ → 0; or (4.3)
‖W (ξα ⊗ ζ)−W
op(ξα ⊗ ζ)‖ → 0. (4.4)
Then ω
Ŵ op
∗
(ξα⊗ηβ)
is a operator bounded approximate diagonal for L1(Gˆ)⊗ˆL1(Gˆ)
hence L1(Gˆ) is operator amenable.
Proof. This is a consequence of Corollary (3.4), but rephrased for the dual quan-
tum group.
If (ξα)α, (ηβ)β are (SA) and (CA) nets for G in L
2(G)1 (respectively) then they
are also (CA) and (SA) nets for Gˆ (respectively).
Furthermore
Wˆ ∗(ξ ⊗ ζ) = σ (W (ζ ⊗ ξ)) (4.5)
and
Wˆ
′∗(ξ ⊗ ζ) = σ (W op(ζ ⊗ ξ)) (4.6)
where σ swaps the coordinates in the tensor product.
The results follow from corollary (3.4). 
We use several more lemmas that involve manipulating the multiplicative uni-
tary operators.
Lemma 4.2.
W ′
op∗
13 W
′
13W
′op∗
23 W23 = W
′∗
12W
′op∗
23 W
′
23W
′
12W
′∗
23W23
Proof. Because W ′ ∈ L∞(G)′ ⊗V N L
∞(Gˆ) and W ′op ∈ L∞(G)′ ⊗V N L
∞(Gˆ)′, it
follows that W ′13 and W
′op∗
23 commute.
Now, by the pentagonal equation:
W ′13W23 =W
′
13W
′
23W
′∗
23W23 = W
′∗
12W
′
23W
′
12W
′∗
23W23
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and similarly
W ′
op∗
13 W
′op∗
23 = Jˆ3J3W
′
13W
′
23J3Jˆ3 = Jˆ3J3W
′∗
12W
′
23W
′
12J3Jˆ3 = W
′∗
12W
′op∗
23 W
′
12.
Combining the above two equations, we get the desired result:
W ′
op∗
13 W
′
13W
′op∗
23 W23 =W
′op∗
13 W
′op∗
23 W
′
13W23
=W ′
∗
12W
′op∗
23 W
′
12W
′∗
12W
′
23W
′
12W
′∗
23W23
=W ′
∗
12W
′op∗
23 W
′
23W
′
12W
′∗
23W23

Lemma 4.3.
W23W12W
′op∗
12 = W12W
′op∗
12 W13W23W
′∗
13
Proof. By the pentagonal rule we immediately get:
W23W12W
′op∗
12 = W12W13W23W
′op∗
12
By introducing factors of J and Jˆ in the second leg we get:
W12W13Jˆ2J2W
′∗
23W
′
12J2Jˆ2 =W12W13Jˆ2J2W
′
12W
′∗
23W
′∗
13J2Jˆ2
=W12W13W
′op∗
12 W23W
′∗
13
Finally, note that the first legs of W and W ′op∗ commute, so we get the desired
result:
W23W12W
′op∗
12 = W12W
′op∗
12 W13W23W
′∗
13

Theorem 4.4. Suppose we have nets (ξα)α satisfying conditions (SA) and (3.1)
and (ηβ)β satisfying (CA) and (3.2). For each α, β, consider the element uα,β of
L1(G) given by:
uα,β = (1⊗ ı)ωWW op′∗ξα⊗ηβ .
Then there exists a subnet uγ = uαγ ,βγ which is a bounded approximate identity
for L1(G) and satisfies the following quasi-central condition:
(ωζ ⊗ uγ)(W
′∗W op
′
ΛW op
′∗W ′ − Λ)→ 0 (4.7)
for ζ ∈ L2(G) and Λ ∈ L∞(G)⊗V N L
∞(G).
Proof. For X ∈ L∞(G) and ζ ∈ L2(G), we work towards showing that uγ is a
bounded approximate identity by considering the value of X(uα,β ∗ ωζ) .
By applying lemma (4.3) and noting that X3 = 1 ⊗ 1 ⊗ X commutes with
anything in the first two components, we see that:
X(uα,β ∗ ωζ)
= 〈X3W23W12W
op′∗
12 ξα ⊗ ηβ ⊗ ζ,W23W12W
op′∗
12 ξα ⊗ ηβ ⊗ ζ〉
= 〈X3W12W
′op∗
12 W13W23W
′∗
13ξα ⊗ ηβ ⊗ ζ,W12W
′op∗
12 W13W23W
′∗
13ξα ⊗ ηβ ⊗ ζ〉
= 〈X3W13W23W
′∗
13ξα ⊗ ηβ ⊗ ζ,W13W23W
′∗
13ξα ⊗ ηβ ⊗ ζ〉.
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Using this, and the triangle inequality, we see that:
|X(uα,β ∗ ωζ)−X(ωζ)|
= |〈X3W13W23W
′∗
13ξα ⊗ ηβ ⊗ ζ,W13W23W
′∗
13ξα ⊗ ηβ ⊗ ζ〉 − 〈Xζ, ζ〉|
≤
∣∣〈X3W13W23W ′∗13ξα ⊗ ηβ ⊗ ζ,W13W23W ′∗13ξα ⊗ ηβ ⊗ ζ〉
−〈X3W13W
′∗
13ξα ⊗ ηβ ⊗ ζ,W13W
′∗
13ξα ⊗ ηβ ⊗ ζ〉
∣∣
+
∣∣〈X3W13W ′∗13ξα ⊗ ηβ ⊗ ζ,W13W ′∗13ξα ⊗ ηβ ⊗ ζ〉
− 〈X3ξα ⊗ ηβ ⊗ ζ, ξα ⊗ ηβ ⊗ ζ〉|
≤ 2‖X‖
(
‖WW ′
∗
ξα ⊗ ζ − ξα ⊗ ζ‖
+‖W23W
′∗
13ξα ⊗ ηβ ⊗ ζ −W
′∗
13ξα ⊗ ηβ ⊗ ζ‖
)
Now we consider a fixed Λ ∈ L∞(G) ⊗V N L
∞(G) and ζ ∈ L2(G) to show the
quasi-central property. By lemma (4.2) and since Λ13, and W
′
12 commute:
(ωζ ⊗ uγ)(W
′∗W op
′
ΛW op
′∗W ′ − Λ)
= 〈Λ13W
op′∗
13 W
′
13W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ,W
op′∗
13 W
′
13W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ〉
− 〈Λ13W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ〉
= 〈Λ13W
′∗
12W
op′∗
23 W
′
23W
′
12W
′∗
23W23ζ⊗ξα⊗ηβ,W
′∗
12W
op′∗
23 W
′
23W
′
12W
′∗
23W23ζ⊗ξα⊗ηβ〉
− 〈Λ13W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ〉
= 〈Λ13W
′op∗
23 W
′
23W
′
12W
′∗
23W23ζ ⊗ ξα ⊗ ηβ,W
′op∗
23 W
′
23W
′
12W
′∗
23W23ζ ⊗ ξα ⊗ ηβ〉
− 〈Λ13W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ〉
So now we have:
|(ωζ ⊗ uγ)(W
′∗W op
′
ΛW op
′∗W ′ − Λ)|
= |〈Λ13W
′op∗
23 W
′
23W
′
12W
′∗
23W23ζ ⊗ ξα ⊗ ηβ,W
′op∗
23 W
′
23W
′
12W
′∗
23W23ζ ⊗ ξα ⊗ ηβ〉
− 〈Λ13W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ〉|
≤ |〈Λ13W
′op∗
23 W
′
23W
′
12W
′∗
23W23ζ ⊗ ξα ⊗ ηβ,W
′op∗
23 W
′
23W
′
12W
′∗
23W23ζ ⊗ ξα ⊗ ηβ〉
− 〈Λ13W
′op∗
23 W
′
23W
′
12ζ ⊗ ξα ⊗ ηβ,W
′op∗
23 W
′
23W
′
12ζ ⊗ ξα ⊗ ηβ〉|
+ |〈Λ13W
op′∗
23 W
′
23W
′
12ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W
′
23W
′
12ζ ⊗ ξα ⊗ ηβ〉
− 〈Λ13W
op′∗
23 W
′
23ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W
′
23ζ ⊗ ξα ⊗ ηβ〉|
+ |〈Λ13W
op′∗
23 W23W
∗
23W
′
23ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W23W
∗
23W
′
23ζ ⊗ ξα ⊗ ηβ〉
− 〈Λ13W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ,W
op′∗
23 W23ζ ⊗ ξα ⊗ ηβ〉|
≤ 2‖Λ‖∞
(
‖W ′
∗
23W23ζ ⊗ ξα ⊗ ηβ − ζ ⊗ ξα ⊗ ηβ‖2
+ ‖W ′12ζ ⊗ ξα ⊗ ηβ − ζ ⊗ ξα ⊗ ηβ‖2
+‖W ∗23W
′
23ζ ⊗ ξα ⊗ ηβ − ζ ⊗ ξα ⊗ ηβ‖2)
For fixed ε > 0, there exists an αε such that, by (SA)
‖W ′12ζ ⊗ ξα ⊗ ηβ − ζ ⊗ ξα ⊗ ηβ‖2 < ε
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and by (3.1)
‖WW ′
∗
ξα ⊗ ζ − ξα ⊗ ζ‖ < ε
Furthmore, there is a βε such that, by (CA)
‖W23W
′∗
13ξα ⊗ ηβ ⊗ ζ −W
′∗
13ξα ⊗ ηβ ⊗ ζ‖ < ε
and by (3.2)
‖W ′
∗
23W23ζ ⊗ ξα ⊗ ηβ − ζ ⊗ ξα ⊗ ηβ‖2 < ε and
‖W ∗23W
′
23ζ ⊗ ξα ⊗ ηβ − ζ ⊗ ξα ⊗ ηβ‖2 < ε
So, by choosing β after α there is a subnet uγ which is a bounded approximate
identity satisfying condition (4.7). 
Converting the result above for L1(G) into the corresponding result for L2(G)
that is desired for the previous result may be difficult. It is worth noting the
similarity between this challenge and the open problem of whether the existence
of a left invariant mean implies strong amenability. Runde and Daws conjectured
that some version of Leptin’s theorem would be helpful in the latter case. It
would perhaps be similarly helpful for the former.
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